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SUMMARY

Convection-dominated problems typically involve solutions with high gradients near the domain
boundaries (boundary layers) or inside the domain (shocks). The approximation of such solutions
by means of the standard finite element method requires stabilization in order to avoid spurious
oscillations. However, accurate results may still require a mesh refinement near the high gradients.
Herein, we investigate the extended finite element method (XFEM) with a new enrichment scheme
that enables highly accurate results without stabilization or mesh refinement. A set of regularized
Heaviside functions is used for the enrichment in the vicinity of the high gradients. Di!erent linear
and non-linear problems in one and two dimensions are considered and show the ability of the proposed
enrichment to capture arbitrary high gradients in the solutions. Copyright c! 2009 John Wiley &
Sons, Ltd.

key words: Extended finite element method (XFEM), high-gradient solutions, convection-di!usion,

convection-dominated, boundary layers, shocks.

1. Introduction

The finite element method (FEM) has been extensively used to approximate the solution of
partial di!erential equations. The technique has been perfected in many ways for smooth
solutions, however, its application to discontinuous or singular solutions is not trivial. In
order to approximate discontinuous solutions, the element edges need to be aligned to the
discontinuity. For singularities and high gradients, mesh refinement is needed. Moreover,
for a moving discontinuity, re-meshing the computational domain imposes an additional
computational e!ort. The extended finite element method (XFEM) [1, 2] has the potential
to overcome these problems and produces accurate results without aligning elements to
discontinuities and without refining the mesh near singularities. These properties have made
the XFEM a particularly good choice for the simulation of cracks, see e.g. [3, 4, 5, 6], as in this
application, both, discontinuities (across the crack surface) and high gradients (at the crack
front) are present.

!Correspondence to: fries@cats.rwth-aachen.de



XFEM FOR CONVECTION-DOMINATED HIGH GRADIENT SOLUTIONS 1

In this paper, we focus on advection-dominated problems as they naturally occur in fluid
dynamics and many other transport problems. For such problems, high gradients are observed
near the domain boundaries (boundary layers) or inside the domain (shocks). Stabilization
is typically needed in the context of the standard FEM [7, 8, 9] in order to avoid spurious
oscillations. However, even with stabilization, high gradients are often still not represented
su"ciently accurate on coarse meshes and mesh refinement is still needed in addition. This
applies for Continuous Galerkin methods [7, 10, 8] as well as for the Discontinuous Galerkin
methods [11, 12].

We employ the XFEM with the aim to approximate convection-dominated problems without
stabilization or mesh refinement. A new enrichment scheme is proposed that enables the
approximation to capture arbitrary high gradients. We want to avoid an adaptive procedure
which determines one suitable enrichment function through an iterative procedure which then
needs to be realized within each time-step. In contrast, we rather provide a set of enrichment
functions near the largest gradient (i.e. along the boundary or near a shock). This set is based
on regularized Heaviside functions and is able to treat all gradients starting from the gradient
that can no longer be represented well by the standard FEM approximation up to the case of
almost a jump. It is noted that in the presence of di!usion, no matter how small, true jumps
in the solutions are impossible and the use of the step enrichment, being standard in many
applications of the XFEM, is not allowed (due to continuity considerations from functional
analysis).

The use of regularized step functions in the XFEM has been realized in the simulation
of cohesive cracks and shear bands: Patzák and Jirásek [13] employed regularized Heaviside
functions for resolving highly localized strains in narrow damage process zones of quasibrittle
materials. Thereby, they incorporate the non-smooth behavior in the approximation space.
Arieas and Belytschko [14] embedded a fine scale displacement field with a high strain gradient
around a shear band. They used a tangent hyperbolic type function for the enrichment.
Benvenuti [15] also used a similar function for simulating the embedded cohesive interfaces.
Waisman and Belytschko [16] proposed a parametric adaptive strategy for capturing high
gradient solutions. One enrichment function is designed to match the qualitative behavior of
the exact solution with a free parameter. The free parameter is optimized by using a-posteriori
error estimates.

In [13, 14, 15], the regularized Heaviside functions depend on physical considerations. Only
one enrichment function is used in [14, 16]. A common feature of most previous applications
is that the change from 0 to 1 takes place within one element. Herein, however, we show that
for arbitrary high gradients in convection-dominated problems, the length scale where the
change from 0 to 1 takes place should exceed the element size and, consequently, extends to
several elements around the largest gradient. Furthermore, it is found that only one enrichment
function cannot cover the complete range of gradients and that a set of enrichment functions is
needed. The fact that several enrichment functions are present and some of them extend over
several elements complicates the implementation of the XFEM compared to standard XFEM
applications.

The paper is organized as follows: The general form of XFEM-approximations for multiple
enrichment terms is given in Section 2. The governing equations for the considered linear
and non-linear convection-dominated problems are described in Section 3. In Section 4, the
enrichment scheme for the XFEM is proposed for high gradients inside the domain. The
procedure for finding suitable sets of enrichment functions is discussed and additional issues
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2 S. ABBAS ET AL.

such as the quadrature and the removal of almost linearly dependent degrees of freedom
are mentioned. Several numerical results are presented which obtain highly accurate results
without stabilization and mesh refinement. Section 5 gives the enrichment functions that are
useful in order to capture high gradients near the boundaries. Again, numerical results show
the success of the enrichment scheme. The paper concludes with a summary and outlook in
Section 6.

2. XFEM formulation

A standard XFEM approximation of a scalar function uh(x) in a d-dimensional domain # ! Rd

is given as
uh(x, t) =

!

i!I

Ni(x)ui

" #$ %
strd. FE part

+
!

i!I!

N!
i (x) · !(x, t) ai

" #$ %
enrichment

, (2.1)

for the case of only one enrichment term. Ni(x) is the standard FE function for node i, ui

is the unknown of the standard FE part at node i, I is the set of all nodes in the domain,
N!

i (x) is a partition of unity function of node i, !(x, t) is the global enrichment function,
ai is the unknown of the enrichment at node i, and I! is a nodal subset of enriched nodes.
The functions N!

i (x) equal Ni(x) in this work although this is not necessarily the case. The
global enrichment function !(x, t) incorporates the known solution characteristics into the
approximation space and is time-dependent in this work. The XFEM is generally used to
approximate discontinuous solutions (strong discontinuities) or solutions having discontinuous
derivatives (weak discontinuities). Then, a typical choice for the enrichment functions is: The
step-enrichment

!(x, t) = sign("(x, t)) =

&
'(

')

"1 : "(x, t) < 0,

0 : "(x, t) = 0,

1 : "(x, t) > 0,

(2.2)

for strong discontinuities (jumps) and the abs-enrichment

!(x, t) = abs("(x, t)) = |"(x, t)|, (2.3)

for weak discontinuities (kinks).
It is noted that these enrichment functions depend on the level-set function "(x, t) which is

typically the signed-distance function. Assuming that "d(x, t) is the shortest distance at time
t of every point x in the domain to the (moving) discontinuity, then

"(x, t) =

*
""d(x, t) #x ! #",

+"d(x, t) #x ! #+,
(2.4)

where #" and #+ are the two subdomains on the opposite sides of the interface. See [17, 18]
for further details on the level-set method.

Let us now adapt the XFEM approximation and level-set concept for the situation relevant
for convection-dominated problems. The level-set function is used to describe the position of
the largest gradient, i.e. the position of the shock, inside the domain. It is assumed that this
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XFEM FOR CONVECTION-DOMINATED HIGH GRADIENT SOLUTIONS 3

position is known in the initial situation (at time t = 0). However, the development of the
position of the largest gradient (the shock) in time is typically not known and not needed for
the proposed technique. Instead, an additional transport equation for the level-set function
is solved which appropriately accounts for the movement in time; this shall be seen in more
detail later. For large gradients near the boundary, i.e. for boundary layers, the position of the
largest gradient is directly the boundary itself, so that the level-set concept is not needed then.
The enrichment functions for boundary layers depend only on the discretization near the wall.

As mentioned above, several enrichment functions are needed in order to capture arbitrary
high gradients in convection-dominated problems. Therefore, the XFEM-approximation (2.1)
is extended in a straightforward manner as

uh(x, t) =
!

i!I

Ni(x)ui +
m!

j=1

!

i!I!
j

N!
i (x) · !j(x, t) aj

i , (2.5)

where m is the number of enrichment terms. It is noted that each enrichment function !j(x, t)
may refer to a di!erent set of enriched nodes I!

j .

3. Governing equations

In this work, numerical results will be presented individually in Sections 4 and 5 for solutions
with high gradients inside the domain and at the boundary, respectively. Therefore, it
proves useful to define the governing equations of the considered advection-di!usion problems
beforehand. Linear and non-linear advection-di!usion problems are considered in one and two
dimensions.

3.1. Linear advection-di!usion equation

Let # be an open, bounded region in # ! Rd. The boundary is denoted by $ and is assumed
smooth. The linear advection-di!usion problem with prescribed constant velocities c ! Rd and
a constant, scalar di!usion parameter # ! R is stated in the following initial/boundary value
problem: Find u(x, t) #x ! #̄ and #t ! [0, T ] such that

u̇(x, t) = "c ·$u + # ·%u, in # % ]0, T [, (3.1)
u(x, 0) = u0(x), #x ! # (3.2)
u(x, t) = û(x, t), #x ! $ % ]0, T [, (3.3)

where %u = $ · ($u) and u̇ = $u/$t. The initial condition u0 : # & R and Dirichlet
boundary condition û : $%]0, T [& R are prescribed data. No Neumann boundary conditions
are considered.

For the approximation with finite elements, the problem has to be stated in its discretized
variational form. The variational form also depends on the time-discretization: If the derivative
in time is treated by finite di!erences the test and trial function spaces are

Sh
TS =

+
uh ! H1h(#) | uh = ûh on $

,
, (3.4)

Vh
TS =

+
wh ! H1h(#) | wh = 0 on $

,
, (3.5)
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4 S. ABBAS ET AL.

where “TS” stands for “time stepping”. H1h is a finite dimensional subspace of the space
of square-integrable functions with square-integrable first derivatives H1. H1h is spanned by
the standard finite element and enrichment functions given in the approximation (2.5). The
objective is to find uh ! Sh

TS, such that #wh ! Vh
TS:

-

!
wh

.
u̇h + c ·$uh

/
d#+ #

-

!
$wh ·$uhd# =0 . (3.6)

Time!slab

Position of the
highest gradient

t"n

t

x

tn+1

t+n

Figure 1. Space-time discretization for the discontinuous Galerkin method in time.

In this work, we also consider the discontinuous Galerkin method in time for the time-
discretization, see e.g. [9]. The space-time domain Q = #%]0, T [ is divided into time slabs
Qn = #%]tn, tn+1[, where 0 = t0 < t1 < . . . < tN = T . Each time slab is discretized by
extended space-time finite elements, see Figure 1. The enriched approximation is of the form
(2.5), however, the finite element shape functions are now also time-dependent, i.e. Ni(x, t)
and N!

i (x, t). The test and trial function spaces are

Sh
ST =

+
uh ! H1h(Qn) | uh = ûh on $%]tn, tn+1[

,
, (3.7)

Vh
ST =

+
wh ! H1h(Qn) | wh = 0 on $%]tn, tn+1[

,
, (3.8)

and are again spanned by the FE shape functions and enrichment functions in (2.5). “ST”
stands for “space-time”. The discretized weak form may be formulated as follows: Given

.
uh

/"
n

,
find uh ! Sh

ST such that #wh ! Vh
ST

-

Qn

wh
.
u̇h + c ·$uh

/
dQ + #

-

Qn

$wh ·$uhdQ, (3.9)

+
-

!n

.
wh

/+

n
·
0.

uh
/+

n
"

.
uh

/"
n

1
d# =0 , (3.10)

where
.
uh

/±
n

is
.
uh

/±
n

= lim
"#0

uh (x, tn ± %) . (3.11)

The continuity of the field variables is weakly enforced across the time-slabs, see (3.10). The
initial condition uh

0 is set for
.
uh

/"
0

.
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XFEM FOR CONVECTION-DOMINATED HIGH GRADIENT SOLUTIONS 5

It is noted that Equation (3.6) on the one hand and Equations (3.9) and (3.10) on the other
hand are both Bubnov-Galerkin weighted residual formulations. That is, no stabilization terms
are present. The results obtained by the unstabilized XFEM approximations are compared
lateron with both stabilized and unstabilized standard FEM approximations. Stabilized weak
forms in the context of the standard FEM are e.g. found in [7, 8, 19].

Remark. In order to consider for moving interfaces in the domain, a pure advection equation
has to be solved in # for the level-set function "(x, t) [17, 18]. The strong form equals Equation
(3.1) to (3.3) with # = 0 and boundary conditions are only applied at the inflow.

3.2. Burgers equation

The Burgers equation in one dimension with a constant, scalar di!usion parameter # ! R is
stated in the following initial/boundary value problem: Find u(x, t) #x ! #̄ and #t ! [0, T ]
such that

u̇(x, t) = "u · $u

$x
+ # · $2u

$x2
, in # % ]0, T [, (3.12)

u(x, 0) = u0(x), #x ! # (3.13)
u(x, t) = û(x, t), #x ! $ % ]0, T [. (3.14)

The initial condition u0 and Dirichlet boundary condition û are prescribed data. No Neumann
boundary conditions are considered.

The variational form for a finite di!erence treatment of the temporal derivative is to find
uh ! Sh

TS, such that #wh ! Vh
TS:

-

!
wh

2
u̇h + uh · $uh

$x

3
d#+ #

-

!

$wh

$x
· $uh

$x
d# = 0, (3.15)

and for the discontinuous Galerkin method in time: Given
.
uh

/"
n

, find uh ! Sh
ST such that

#wh ! Vh
ST

-

Qn

wh

2
u̇h + uh · $uh

$x

3
dQ + #

-

Qn

$wh

$x
· $uh

$x
dQ, (3.16)

+
-

!n

.
wh

/+

n
·
0.

uh
/+

n
"

.
uh

/"
n

1
d# =0 . (3.17)

4. XFEM for high gradients inside the domain (shocks)

In the following, an overview over existing regularized step functions is given. A particular
suitable choice for high gradients inside the domain is discussed. The next step is to define a
set of these functions in order to capture arbitrary gradients. An optimization procedure is
described which is used to determine sets of 3, 5, and 7 enrichment functions.

4.1. Di!erent classes of regularized step functions

In this work, a minimum requirement of a regularized step function that can be used as an
enrichment function for high gradients in the domain is that they depend on the level-set

Copyright c" 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 1:0–10
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6 S. ABBAS ET AL.

function "(x, t). The zero-level of "(x, t) is the centerline of the highest gradient (shock).
Furthermore, we need control over the gradient of the regularized step function. This can be a
parameter that directly scales the gradient, see Figure 2(a), or which controls the gradient
indirectly by prescribing the length-scale where the change from 0 to 1 takes place, see
Figure 2(b). In addition the function is constant for |"| > &.

1

m

x

!

(a)

!

x
"" +"

(b)

Figure 2. Regularized Heaviside function for a high gradient enrichment: (a) the gradient is scaled
directly, (b) the gradient is scaled indirectly by controlling the width.

Three di!erent choices of enrichment functions are investigated. The first function is adapted
from Areias and Belytschko [14] and depends on a parameter & that specifies the width of
the function and a parameter n that specifies the gradient of the function. By “width” of
the regularized step function, we refer to the region where the function varies monotonically
between 0 (or "1) and 1. The higher the value of n, the steeper will be the function for the
same width &.

!("(x, t), &, n) =

&
''(

'')

"1, if "(x, t) < "&,
tanh(n"(x, t))

tanh(n&)
, if |"(x, t)| ! &,

1, if "(x, t) > &.

(4.1)

This function is C$-continuous in the domain except at $# = {x ! # : |"(x, t)| = &} where it
is C0-continuous only, i.e. there is a kink at $#. This may complicate the numerical integration
and artificial weak discontinuities are introduced. Consequently, for the applications considered
herein it is desirable to have functions that are more than C0-continuous in the overall domain.

The second function is the following regularization function taken from Benvenuti [15]. This
function depends on only one parameter n which scales the gradient. The smaller the value of
n, the larger is the gradient of the function

!(", &) = sign(")
0
1 " exp(

"|"|
n

)
1
. (4.2)

The problem with function (4.2) is that it does not allow for a direct control of the width.
The third function is a piecewise polynomial function taken from Patzák and Jirásek [13].

This function only depends on one parameter & that controls the width of the function directly.
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XFEM FOR CONVECTION-DOMINATED HIGH GRADIENT SOLUTIONS 7

Thereby, also the gradient is a!ected so that smaller & lead to larger gradients. The function
is

!(", &) =

&
'''(

''')

0, if " < "&,

1
V#

- $

"#

0
1 " '2

&2

14
d', if |"| ! &,

1, if " > &,

(4.3)

where the reference volume V# determines the continuity properties of the function at $#.
The function is C2-continuous for V# = 16&/15 and C4-continuous for V# = 256&/315. Using
V# = 256&/315 and evaluating the integral involved in (4.3) gives

!(", &) =
1

256&9

2
128&9 + 315"&8 " 420"3&6 + 378"5&4 " 180"7&2 + 35"9

3
(4.4)

for |"(x, t)| ! &. Definition (4.3) is C$-continuous in the domain, except at $# where it is
C4-continuous (compared to C0-continuity of function (4.1)) and it allows a direct control of
the width. Therefore, we prefer (4.3) over (4.1) and (4.2) and use it throughout the remaining
of this work. For other examples of regularized heaviside functions, see [20].

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

−! !

"

#

 

 

Enr. Func.(23), ! = 0.1, n = 20
Enr. Func.(24), ! = 0.1

(a)

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

−! !

"

#

 

 

Enr. Func.(25), ! = 0.1

(b)

Figure 3. Comparative plot of regularized Heaviside functions for ! = 0.1: (a) for (4.1) and (4.2), (b)
for (4.3).

It is important to note that the width & should depend on the element size h of the mesh. A
constant width could lead to situations where & ' h, and the resulting enrichment functions
would not span a good basis (i.e. the condition number would increase prohibitively). The
fact that the width depends on the discretization rather than on physical considerations is in
contrast to previous applications of regularized step functions in the frame of cohesive cracks
and shear bands.

4.2. Optimal set of enrichment functions

The aim is to cover the complete range of high gradients starting from the gradient that can
be no longer represented well by the standard FEM approximation up to the case of almost a
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8 S. ABBAS ET AL.

(a) 3 enrichment functions

Enr. Func. &/h
!1 2.5
!2 0.27
!3 0.0225

(b) 5 enrichment functions

Enr. Func. &/h
!1 2.5
!2 0.85
!3 0.265
!4 0.085
!5 0.0225

(c) 7 enrichment functions

Enr. Func. &/h
!1 2.5
!2 1.5
!3 0.5
!4 0.25
!5 0.125
!6 0.0625
!7 0.0225

Table I. Optimal sets of enrichment functions, h is a characteristic element size near the shock.

jump (the gradient is then extremely large). For that purpose, one enrichment function is not
su"cient. In contrast, several enrichment functions have to be chosen.

For a given number m of enrichment functions ! = {!1(", &1), . . . ,!m(", &m)}, an
optimization procedure is employed in order to determine the corresponding values &1, . . . , &m.
The aim is to minimize the largest pointwise error

%(!) = sup(uh(x) " f(x)) #x ! # (4.5)

of the following interpolation problem
-

!
wh uh(x) =

-

!
wh f(x) in # (4.6)

where f(x) is a given regularized step function that shall be interpolated by the m (enrichment)
functions of (4.3), i.e.

uh(x) =
m!

j=1

!j(", &j). (4.7)

The domain is # =]0, 1[ and " = x " 0.5 is a time-independent level-set function, whose zero-
level is at x = 0.5, i.e. where the gradient of f(x) is maximum. An important point is that for
each prescribed set of enrichment functions ! (which here are regular interpolation functions
based on (4.3)), the gradient of the function f(x) is varied systematically between a minimum
and a maximum gradient. For each set !, the largest value for % is stored in %total. The optimal
set for each number m is then the one with the smallest %total. In this way, optimal sets are
found for three, five and seven enrichment functions. A graphical representation of these sets
is given in Figures 4(a)-4(c).

The next step is to use this set of functions within an XFEM approximation of the form
(2.5). The functions have to be scaled with respect to the element size. Therefore, the resulting
widths &1, · · · &m in table I depend on h. It is seen that some of these functions vary between
0 and 1 over more than one element. For a given enrichment function !j , it is important to
enrich the nodes (through the choice of I!

j ) of all elements where !j varies between 0 and 1.
The appropriate nodes are easily determined by means of the value of the level-set function
at each node which is directly the distance to the shock. It is noted that in standard XFEM
applications, where the step- and abs-enrichment of Equations (2.2) and (2.3) is used, only the
nodes of elements that are crossed by the zero-level of " are enriched, i.e. in I!.

Copyright c" 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 1:0–10
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XFEM FOR CONVECTION-DOMINATED HIGH GRADIENT SOLUTIONS 9

In the following, all results are obtained for the set of seven enrichment functions. It is
important to recall that these widths are relative to the element sizes near the shock. That is,
the widths decrease with mesh refinement and vice versa.

4.3. Quadrature

In the case of XFEM approximations with discontinuous enrichments, elements are subdivided
into sub-cells for integration purposes [2]. For continuous enrichment functions as used in this
work, this subdivision is not necessarily required. However, due to the high gradients of the
enrichment functions inside the element, a large number of integration points may be needed
for accurate quadrature.

It is well-known that Gauss quadrature rules concentrate integration points near the element
edges, see Figure 5(a) for the example of three quadrilateral elements. It is desirable to
concentrate integration points near the shock where the enrichment functions have high
gradients, too. Therefore, we found that a subdivision as known from most XFEM applications
with discontinuous enrichments is also advantageous for the high gradient enrichments
proposed herein. This is confirmed in a number of studies and it is found that, for a given
level of accuracy of the quadrature, less integration points are needed for the decomposition
into integration subcells than without. An example of the resulting integration points is given
in Figure 5(b) where the thick dashed line shows the position of the highest gradient in
the two-dimensional domain or the zero level of the level-set function and the thin dashed
diagonals represent the quadrature subcells for integration. It can be seen that the density of
the integration points is large near the shock as desired. More advanced quadrature schemes
for high gradient integrands are discussed e.g. in [20, 14, 21] and are not in the focus of this
work.

4.4. Blocking of some enriched degrees of freedom

In the case of discontinuous functions, only the nodes of cut elements are enriched with a step
function. It is then well-known that if the di!erence of the element areas/volumes on the two
sides of the interface is increasingly large, then the enrichment becomes more and more linearly
dependent [22, 23]. It is then useful to remove those degrees of freedom whose contribution to
the overall system of equations is negligible. This can be called “blocking” degrees of freedom.

The situation is similar for the proposed enrichment scheme for high gradient solutions inside
the domain. We found that a simple procedure for the blocking can be used for the test cases
considered in this work: Once the final system matrix is assembled, the absolute maximum
value of each row of the enriched degrees of freedom is determined. If this value is less than
a specific tolerance, e.g. 10"7, the corresponding degree of freedom is blocked. In this way,
without a!ecting the accuracy of the approximation noticeably, the conditioning of the system
remains within a reasonable threshold.

4.5. Numerical examples with high gradients inside the domain

Four in-stationary convection-dominated problems are considered in order to show the
e!ectiveness of the enrichment scheme. The optimal set of seven enrichment functions described
in Section 4.2 is used to enrich the approximation space. The position of the highest gradient
is represented by the zero-level of a level-set function.
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(a) Optimal set of three enrichment functions
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(b) Optimal set of five enrichment functions
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(c) Optimal set of seven enrichment functions

Figure 4. Optimal sets of enrichment functions. The boxes in the left figures show the regions which
are zoomed out in the right figures.
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(a)

(b)

Figure 5. Integration points in quadrilateral elements, (a) without partitioning, (b) with partitioning
with respect to the position of the highest gradient.

4.5.1. Burgers equation with stationary high gradient developing over time The Burgers
equation in one dimension is considered first, see Section 3.2 for the governing equations.
The domain is # =]0, 1[ and T = 1. The initial condition is given as u0(x) = sin 2((x). In
this setting, the gradient at x = 0.5 increases over time withough changing the position of the
highest gradient in #. The maximum gradient over time depends on the di!usion coe"cient #,
and, as long as # > 0, the gradient is finite. However, for small di!usion coe"cients very high
gradients develop at x = 0.5. Herein, # is chosen as 1.25 % 10"3. The temporal discretization
is achieved through the Crank-Nicolson method where u̇ = F (u, t) is replaced by

un+1 " un

(t
=

1
2
.
F (un+1, tn+1) + F (un, tn)

/
. (4.8)

Consequently, the variational form (3.15) applies. The nonlinear term u · u,x is linearized by
the Newton-Raphson method.

Linear finite element shape functions are used for Ni(x) and N!
i (x) in the XFEM

approximation (2.5). The mesh consists of an even number of equally-spaced nodes. Thus,
the highest gradient at x = 0.5 is always present in the middle of the center element. The
initial position of the highest gradient is known and does not change during the computation.
Therefore, the level-set function, "(x) = x " 0.5, does not change in time and all enrichment
functions are time-independent. Then, time-stepping methods such as the Crank-Nicolson
method can be used in the standard way. It is noted that for moving high gradients, the
enrichment functions are time-dependent which e!ects the time discretization. Time-stepping
schemes are then to be used with care as discussed in [24, 25]. Consequently, for all subsequent
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test-cases with moving high gradients we employ the discontinuous Galerkin method in time
(i.e. space-time elements).
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(a) Unstabilized FEM results.
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(b) FEM results with SUPG stabilization.
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(c) Unstabilized XFEM results.

Figure 6. Results for the 1D Burgers Equation.

Figure 6(a) shows the results obtained by the standard FEM without using stabilization
or refinement, based on a mesh with 21 linear elements (22 degrees of freedom) and 20 time-
steps. Solutions at some intermediate time steps are shown and the exact solution at the final
time T is shown by a thick, gray line. Large oscillations are observed in the FEM solution
as expected. When solving the SUPG-stabilized weak form of this problem, see e.g. [7], the
oscillations are considerably reduced but the accuracy is still low, see Figure 6(b). The XFEM
results on the same mesh without stabilization are shown in Figure 6(c). The approximation
space is enriched by the set of seven enrichment functions resulting in 42 degrees of freedom
of the overall enriched approximation. No oscillations are visible in the XFEM solution.

Figure 7 compares the XFEM and FEM solutions in terms of the error in the L2-Norm
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Figure 7. Convergence in the L2-norm for a di!usion coe"cient of " = 1.25 · 10"3.

which is computed in the spatial domain at the final time level t = T as

e =

4 -

!
(uex(x, T ) " uh(x, T ))2d#
4 -

!
(uex(x, T ))2d#

(4.9)

where uex is the exact solution (which is known for this setting) and uh is the approximation.
It is seen that the accuracy of the XFEM approximation is much better for coarse meshes when
compared to the standard finite element approximation. The down-peaks in the convergence
plot for the XFEM approximation on coarse meshes come from situations where the gradient
of the exact solution coincides better with one of the enrichment functions. Rather than these
coincidental interferences of the discretization, enrichment, and the exact solution, the true
benefit is the improvement of the error and the absence of oscillations on all coarse meshes.
With mesh refinement, both methods obtain the same asymptotic convergence rate of 2. The
improvement due to the enrichment is lost on highly refined meshes that are able to reproduce
the large gradient in the exact solution su"ciently accurate. In this case, the enrichment is
obviously not needed.

We conclude that through the proposed enrichment scheme, oscillations in the high gradient
solution can be removed and the solution quality can be improved without refining the mesh
and/or using stabilization.

4.5.2. Advection-di!usion equation with moving high gradient (position known a priori) The
second test-case is a convection-dominated linear transport problem in one dimension. The
governing equations are given in Section 3.1. In this case, the position of the highest gradient is
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14 S. ABBAS ET AL.

moving with a given velocity through the domain. In the considered linear transport problem,
shocks may not develop in time as in the previous example. Therefore, a high gradient is
already prescribed in the initial condition and is then transported in #. We specify the
parameters of the governing equations as # =]0, 1[, c = 5, # = 10"6, T = 0.055 and
u0(x) = "2 · !(", 0.5, 1500) with ! of Equation (4.1).

The movement of the interface is reflected by solving a transport problem for the level-set
function, see Section 3.1. In this test case, the transport of the level-set function does not
depend on the solution of the advection-di!usion problem for u so that it may be solved in
advance. Due to the movement of the interface, we prefer to employ the discontinuous Galerkin
method in time so that the variational weak form (3.9) is relevant. The movement of the high
gradient is then captured naturally [24, 25].
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(a) FEM results.
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(b) XFEM results.

Figure 8. Unstabilized results for the linear advection-di!usion equation in one dimension.

The unstabilized results obtained with the FEM using 21 linear elements and 20 time-steps
are shown in Figure 8(a). These results show large oscillations near the high gradient. Again,
the situation can be improved with stabilization, however, the high gradient is then smoothed
out due to di!usive e!ects. In contrast, the XFEM results are highly accurate and show no
oscillations even without stabilization, see Figure 8(b).

We conclude that it is possible to get highly accurate, non-oscillatory results for a moving
high gradient solution without stabilization and mesh refinement. In an additional study,
we have confirmed the findings of [25] that in the absence of di!usion (# = 0), an initial
condition with a jump can be traced exactly by means of a step-enriched space-time XFEM
approximation.

4.5.3. Burgers equation with moving high gradient (position not known) The third test case
is a convection-dominated Burgers equation like the first test case in Section 4.5.1 but this
time, instead of using a symmetric initial condition, an asymmetric initial condition is used.
That is

u0(x) =

*
"2 sin((x) for "0(x) ! 0 ,

"0.2 sin((x) for "0(x) > 0 .
(4.10)
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Figure 9. Strong coupling loop of the Burgers equation and the transport equation for the level-set
function.

As a result, the position of the high gradient is now moving in time. This movement in time
is non-linear due to the non-linearity in the transport term of the Burgers equation. Only
the initial position of the high gradient is given and described through "0(x) = x. As in the
previous test case, the movement of the highest gradient in time is captured by solving a
transport problem for ". Other test case parameters are specified as # =]" 1, 1[, # = 5% 10"3

and T = 0.3.
It is important to note the mutual dependence of the Burgers equation for u and the

transport equation for ". On the one hand, the result of the Burgers equation u e!ects the
advection velocity of the transport equation for ". On the other hand, the zero-level of " defines
the position of the largest gradient in the enrichment functions, so that the approximation space
of the Burgers equation is e!ected by ". The mutual dependence of u and " leads to a coupled
problem in the sense of Felippa and Park [26, 27]. Here, we solve the coupled problem by a
strong coupling loop of the two fields within each of the 80 time steps, see Figure 9.

The unstabilized solution for the FEM is shown in Figure 10(a) and large oscillations are
observed. In comparison, the XFEM solution in Figure 10(b) shows no oscillations. A space-
time view of the problem is shown in Figure 10(c) where the curved line represents the zero
level of the level-set function and is the position of the highest gradient. This figure shows the
non-linearity in the position of the highest gradient over time.

We conclude that the non-linear movement of the high gradient can be captured well so that
the enrichment scheme stays e!ective throughout the simulation.

4.5.4. Advection-di!usion equation in two dimensions The fourth test case is an instationary,
linear advection-di!usion problem in two dimensions where a scalar function is tranported in
a circular velocity field. That is, the components of the velocity c are given as

cx = y " 0.5 and cy = "x + 0.5. (4.11)

The initial condition u0 is specified by (4.3) with & = 0.19h, where h is the mesh size. This
initial condition involves locally very high gradients but is constant in the major part of the
domain. Other test case parameters are specified as # =]0, 1[, # = 10"6 and T = 1.

A square mesh of 31 % 31 elements is used. For brevity, only the XFEM results are shown
in Figure 11. No oscillations are observed for a rotation of the initial condition of 150% which
is realized in 200 time-steps. The three Figures 11(a) to (c) show the approximation at the
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(a) FEM results.
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(b) XFEM results.

(c) XFEM results in the space-time domain. (d) XFEM results in the space-time domain.

Figure 10. Unstabilized results for the Burgers equation.

integration points after 1, 100 and 200 time steps, respectively. No oscillations are seen without
any smoothing of the high gradient. The proposed enrichment scheme obviously extends
straightforward to more than one spatial dimension.

5. XFEM for high gradients at the boundary (boundary layers)

Standard finite element approximations without stabilization also result into oscillatory
solutions for high gradients near the boundary (boundary layers). Typical meshes in fluid
mechanics are highly refined near the boundary as these regions have an important influence
in the ability of the approximation to capture the physics of a flow problem properly. Again,
the aim is to define enrichment funtions for XFEM approximations that are able to obtain
highly accurate solutions without stabilization and mesh refinement. For a prescribed level of
accuracy, a drastical decrease in the number of degrees of freedom is then expected for XFEM
simulations compared to FEM simulations on refined meshes near the boundary.

In many applications, boundary layers are not present along the whole boundary $ of
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(a) Prescribed velocity field. (b) Solution at t = 1.

(c) Solution at t = 100. (d) Solution at t = 200.

Figure 11. Unstabilized XFEM results for the linear advection-di!usion equation in two dimensions.
The high-gradient solution is plotted at the integration points in the domain.

the domain, for example, typically not at slip boundaries or at the inflow and outflow. The
enrichment is therefore only desired along selected parts of the boundary which is labelled
$enr ) $. This is often the part of the boundary where no-slip boundary conditions are
applied.

An important di!erence to the situation considered in the previous section is that the
position of the highest gradient is now the boundary itself, so that the level-set method is
not needed for the definition of the enrichment functions. Instead, the enrichment functions
should depend on the discretization near the wall. They are only mesh-dependent, i.e. the
parameters of the governing equations are not used. A di!erent strategy would be to employ
only one enrichment function and estimate the thickness of the boundary layer, e.g. in an
iterative procedure. It is noted that, as long as the boundaries are fixed in space, the enrichment
functions for boundary layers are time-independent.
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Enrichment Function q Layer L
!1 50 1
!2 15 1
!3 12 2
!4 10 3

Table II. The set of 4 enrichment functions used for high gradients near the wall.

5.1. Optimal set of enrichment functions

We again start by finding an “optimal” set of enrichment functions. A similar procedure as
described in Section 4.2 is employed. The domain is again # =]0, 1[ and the di!erent functions
for f(x) have high gradients at x = 1. We use functions f(x) of the kind xq, exp(q · x), and
sinh(q · x), where the parameter q ' 1 ! R scales the gradient. The set of m enrichment
functions is based on

!(x, L) =
exp(q · SL(x)) " 1

exp(q) " 1
. (5.1)

The function SL(x) varies between 0 and 1 within L element layers of the wall for L = 1, 2, 3.
They are defined by means of standard finite element shape functions:

S1(x) =
!

i!J1

Ni(x), (5.2)

S2(x) =
1
2

2 !

i!J2

Ni(x) + 2 ·
!

i!J1

Ni(x)
3

, (5.3)

S3(x) =
1
3

2 !

i!J3

Ni(x) + 2 ·
!

i!J2

Ni(x) + 3 ·
!

i!J1

Ni(x)
3

. (5.4)

The nodal set J1 is built by the nodes along the enriched boundary $enr, J2 are the nodes one
element layer away from $enr, and J3 are the nodes two element layers away from $enr. The
situation is depicted in Figure 12 in one and two dimensions.

The optimal set for 4 enrichment functions is given in table II. These enrichment functions
are visualized in two dimensions in Figure 13. For high gradients near boundaries, we find that
using more enrichment functions does not improve the results noticeable. It is not su"cient
to enrich only the nodes in the first element layer next to $enr, i.e. in this case, oscillations in
the approximated solution remain. Higher gradients than the one defined through !1 require
a very large number of integration points in the enriched elements and a!ect the conditioning
of the system of equations unfavorably.

5.2. Quadrature

The high gradients in the enrichment functions require an accurate quadrature. Because
the highest gradient is present near the boundary and thus aligns with the element edges,
no decomposition into subelements for integration purposes is required. Therefore, we use
standard Gauss rules with a large number of integration points in the enriched elements. The
integration points are then concentrated near the element edges where they are needed.
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Figure 12. The functions SL and nodal sets JL in one and two dimensions. Note that each function
SL extends over L element layers near the enriched boundary.

5.3. Numerical examples with high gradients at the boundary

Three stationary convection-dominated problems are considered. The optimal set of four
enrichment functions described in Section 5.1 is used to enrich the approximation space. The
position of the highest gradient is on the boundary $enr which is enriched.

5.3.1. Advection-di!usion equation in one dimension The stationary advection-di!usion
equation in one dimension is considered first, the governing equations of Section 3.1 are
modified accordingly. The domain is # =]0, 1[ with boundary conditions u(0) = 0 and u(1) = 1.
The exact solution is

uex(x) =
exp(c/K · x) " 1
exp(c/K " 1)

. (5.5)

Three di!erent ratios c/K are considered: c/K = {1, 20, 40} leading to a small, moderate,
and high gradient at x = 1, see Figure 14. The number of linear elements n is varied from
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(a) (b)

(c) (d)

Figure 13. The resulting 4 enrichment functions in two dimensions for the domain shown in Figure
12(c).

0 1
0
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c/K = 1
c/K = 20
c/K = 40

Figure 14. The exact solutions for c/K = {1, 20, 40} leading to a small, moderate, and high gradient
at x = 1, respectively.
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10, 20, . . . , 640. The error in the L2-norm for the three di!erent c/K-ratios is shown in Figure
15(a) for unstabilized XFEM and FEM results. For c/K = 1, the FEM and XFEM results are
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Figure 15. (a) Convergence in the L2-norm, (b) largest pointwise error (maximum oscillation) for
XFEM and FEM approximations.

very similar over the whole range of elements. This shows that, as expected, the enrichment
is not needed for this case. For c/K = 20 and c/K = 40, on coarse meshes, the XFEM-results
are drastically improved compared to the FEM results. For finer meshes, the XFEM results
converge to the FEM solution as the enrichment becomes less useful.

The largest pointwise error in the domain (maximum oscillation) over the whole range of
c/K ! ]0, 500[ for three di!erent numbers of elements n = {10, 40, 160} is studied in Figure
15(b). It is seen that for the XFEM approximation no oscillations are observed up to c/K = 500
even on the coarsest mesh. In contrast, the unstabilized FEM shows large pointwise errors that
increase with c/K. It is thus seen that the proposed set of enrichment functions produces highly
accurate results over the complete range of high gradients near the boundary.

5.3.2. Burgers equation in one dimension A similar study is repeated for the stationary
Burgers equation in one dimension. The domain is # =]" 1, 0[ and the exact solution is given
as

uex (x) = "2#s · exp(2sx) " t

exp(2sx) + t
with s, t ! R. (5.6)

The Dirichlet boundary conditions are chosen such that Equation (5.6) is the exact solution
with s = 20, t = 1, see Figure 16(a) and the di!usion parameter is set to # = 10"3.

Convergence results in the L2-norm are shown in Figure 16(b) for unstabilized XFEM and
FEM approximations. The findings of the previous section are confirmed: On coarse meshes
the situation improves drastically with the extended approximation. We have also investigated
di!erent gradients at x = 0 and studied the maximum pointwise error. These results are
omitted for brevity as they are very similar to the ones obtained in the previous test-case and
lead to the same conclusions.

5.3.3. Advection-di!usion equation in two dimensions As a third text-case, the stationary
advection-di!usion equation in two dimensions is considered. The domain # is a 90% segment
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Figure 16. (a) The exact solution of the Burgers equation for " = 0.001, s = 20, t = 1, (b) convergence
in the L2-norm for XFEM and FEM approximations.

spanned by r1 = 0.1 and r2 = 1.0 and is shown in Figure 17(a). The exact solution is

uex (x, y) =
exp (cx/K · x + cy/K · y) " 1

exp (cx/K + cy/K) " 1
. (5.7)

The boundary conditions are applied along $ accordingly. The gradient at $enr = {x : *x* =
r2}, where * · * is the Euclidean norm, is scaled by the ratios of cx/K and cy/K. We choose
cx = cy = c in this test case. The exact solution for c/K = 5 is shown in Figure 17(b).
It is important to note that the solution involves a high gradients in normal direction to
the wall but only changes mildly along $enr. A typical opimized mesh for standard FEM
computations would consist of high-aspects ratio elements along the boundary in order to
resolve the boundary layer. However, for the computations considered in this work, the element
size in normal direction is constant.

(a) (b)

Figure 17. (a) The domain #, (b) the exact solution of the advection-di!usion problem for c/K = 5.
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A convergence study is carried out comparing the proposed set of enrichment functions with
a standard FE approximation. In Figure. 18(a), for varying element numbers, the errors are
shown in the L2-norm for di!erent c/k = {5, 20, 100}. Our findings in one dimensions are
again confirmed for this two-dimensional test case: On coarse meshes the accuracy is largely
improved for the XFEM, on finer meshes, XFEM and FEM results converge to each other. As
an example, for c/K = 200, the same level of accuracy than the XFEM results on a 10 % 10
mesh is obtained for the FEM with a uniformly refined mesh of 80% 80 elements.
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Figure 18. (a) Convergence in the L2-norm, (b) largest pointwise error (maximum oscillation) for
XFEM and FEM approximations.

The largest pointwise error (maximum oscillation) is studied again. For di!erent meshes
with 10% 10, 20% 20, and 30% 30 elements the ratio c/K is varied in the range from 0 to 100,
see Figure 18(b). As expected the FEM results worsen with increasing c/K ratio. The XFEM
results show again no visible oscillations. It is thus seen that although the enrichment functions
!1 to !4 are constant in tangential direction of $enr, see Figure 13, the XFEM approximation
is able to capture both, the large gradient in normal direction and the moderate change in
tangential direction of $enr.

6. Conclusions

An enrichment scheme for the XFEM has been proposed which enables highly accurate
approximations of convection-dominated problems without stabilization or mesh refinement.
The high gradients inside the domain (shocks) and at the boundary (boundary layers) are
captured by a set of enrichment functions used in the vicinity of the high gradients.

For high gradients in the domain, the enrichment functions are regularized step functions
that depend on the distance from the shock. The position of the highest gradient is described
by the level-set function. Moving shocks are considered for by solving an additional advection
problem for the level-set function. For high gradients at the boundary, exponential functions
are used as enrichment functions. They depend on the discretization along the boundary and
no level-set function is needed. The enrichment for boundary layers is independent of time as
long as the boundary is fixed.
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The proposed enrichment scheme is independent of parameters in the governing equations.
The whole set of enrichment functions was used in all test-cases, i.e. no iterative procedure is
needed in each time-step in order to determine only one suitable enrichment function.

The next step is to apply the proposed enrichment scheme to flow problems which are
convection-dominated in many problems of practical relevance. The results will be reported in
a forthcoming publication.
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